Weaker entanglement guarantees stronger entanglement 
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The monogamy of entanglement is one of tiie basic quantum mechanical features, wliicli says that 
when two partners Alice and Bob are more entangled then either of them has to be less entangled 
with the third party. Here we qualitatively present the converse monogamy of entanglement: given a 
tripartite pure system and when Alice and Bob are weakly entangled, then either of them is generally 
strongly entangled with the third party. Our result leads to the classification of tripartite pure states 
based on bipartite reduced density operators, which is a novel and effective way to this long-standing 
problem compared to the means by stochastic local operations and classical communications. We 
also systematically indicate the structure of the classified states and generate them. 

PACS numbers: 03.65. Ud, 03.67.Mn, 03.67.-a 



Introduction. The monogamy of entanglement is a purely 
quantum phenomenon in physics [l[ and has been used 
in various applications, such as bell inequalities and 
quantum security Q. In general, it indicates that the 
more entangled the composite system of two partners Al- 
ice {A) and Bob (B) is, the less entanglement between 
A {B) and the environment E there is. The security of 
many quantum secret protocols can be guaranteed quan- 
titatively 0,11. However the converse statement gener- 
ally doesn't hold, namely when A and B are less entan- 
gled, we cannot decide whether A (B) and E are more 
entangled. In fact even when the formers are classically 
correlated namely separable the latters may be also 
separable. For example, this is realizable by the tripartite 
Greenbergcr-Horne-Zeilinger (GHZ) state. 

Nevertheless, it is still important to qualitatively char- 
acterize the above converse statement in the light of the 
hierarchy of entanglement of bipartite systems. Such a 
characterization defines a converse monogamy of entan- 
glement, and there is no classical counterpart. Besides, 
it is also expected to be helpful for treating a quantum 
multi-party protocol when the third party helps the re- 
maining two parties, for it guarantees the property of one 
reduced density operator from another. To justify the 
hierarchy of entanglement, we recall six well-known con- 
ditions, i.e., the separability, positive-partial-transpose 
(PPT) 01 , non-distillability of entanglement under lo- 
cal operations and classical communications (LOCC) 0, 
reduction property (states satisfying reduction criterion) 
Q, majorization property 0] and negativity of condi- 
tional entropy Q. These conditions form a hierarchy 
since a bipartite state satisfying the former condition will 
satisfy the latter too. Therefore, the strength of entan- 
glement in the states satisfying the conditions in turn 
becomes gradually weak. 

For example, the hierarchy is closely related to the 
distilability of entanglement [7[. While PPT entangled 
states cannot be distilled to Bell states for implementing 
quantum information tasks, Horodecki's protocol can dis- 



FIG. 1: Hierarchy of bipartite states in terms of four sets S, 
P, R, N. Intuitively, the sets S and P form all PPT states, the 
sets S, P, R and N form all states satisfying and violating the 
reduction criterion, respectively. So the four sets constitute 
the set of bipartite states and there is no intersection between 
any two sets. The strength of entanglement of the four sets 
becomes weak in turn, i.e., S < P < R < N . 



till a state that violates reduction criterion 18[. That is, 
the former entangled state is useless as a resource while 
the latter entangled state is useful. So the usefulness of 
entangled states can be characterized by this hierarchy. 

In this Letter, for simplicity we consider three most 
important conditions, namely the separability, PPT and 
the reduction criteria. Then we establish a hierarchy of 
entanglement consisting of four sets: separable states (S), 
non-separable PPT states (P), non-PPT reduction states 
(R), and non- reduction states (N), see Figure[TJ We show 
that when the entangled state between A and B, i.e., pab 
belongs to the set R, then the state between A (B) and E, 
i.e., pae{pbe) belongs to the set R or N . Similarly when 
PAB belongs to P, then pae{pbe) belongs to N. Hence 
we can qualitatively characterize the converse monogamy 
of entanglement as follows: when the state pab is weakly 
entangled, then pae is generally strongly entangled in 
terms of the four cases S,P,R,N. These assertions follow 
from a corollary of Theorem [2] to be proved later. 

Theorem 1 Suppose the tripartite .state |5')asc has a 
PPT reduced .state Pbc- Then the reduced state pab is 
separable if and only if it satisfies the reduction criterion. 
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From this theorem, we will solve two conjectures on the 
existence of specified tripartite state proposed by Thap- 
liyal in 1999 [10|. On the other hand, the theorem also 
helps develop the classification of tripartite pure states 
based on the three reduced states, each of which could 
be in one of the four cases S, P, R, N. So there are at 
most 4^ = 64 different kinds of tripartite states. Evi- 
dently, some of them do not exist due to Theorem [TJ It 
manifests that the quantum behavior of a global system 
is strongly restricted by local systems. By generalizing to 
many-body systems, we can realize the quantum nature 
on macroscopic size in terms of the microscopic physical 
systems. This is helpful to the development of matter 
and material physics llj. Hence, in theory it becomes 
important to totally identify different tripartite states. 

To explore the problem, we describe the properties 
for reduced states pab, Pbc, and pcA of the state l^*) 
by Xab^Xbc^Xca that take values in S,P,R,N. The 
subset of such states l^*) is denoted by SxabXbcXca^ 
and the subset is non-empty when there exists a tri- 
partite state in it. For example, the GHZ state belongs 
to the subset Ssss- Furthermore as is later shown 
in Table U |^) belongs to the subset Sssn when the 
reduced state pcA is an entangled maximally correlated 
state By Theorem [1] one can readily see that any 
non-empty subset is limited in eight essential subsets 

Ssss ,SsSN,SsNN,SpNN, Srrr , SjiB.N , Sb.NN , SnNN ■ 

Hence up to permutation, the number of non-empty sub- 
sets for tripartite pure states is at most 18 = 1x3-1-3x5. 
We will demonstrate that the 18 subsets are indeed 
non-empty by explicit examples. These subsets are not 
preserved under the conventional classification by the 
invcrtible stochastic LOCC (SLOCC) ^^^\. 



Furthermore, we show that the subsets form a com- 
mutative monoid and it is a basic algebraic concept. We 
systematically characterize the relation of the subsets by 
generating them under the rule of monoid. 

Unification of entanglement criterion. In quantum infor- 
mation, the following six criteria arc extensively useful 
for studying bipartite states pab in the space T-La ^T-Lb- 

(1) Separability: pab is the convex sum of product 

states 0. 

(2) PPT condition: the partial transpose of pab is 

semidcfinite positive [6[. 

(3) Non-distillability: no pure entanglement can be 

asymptotically extracted from pab under LOCC, 
no matter how many copies are available 01 . 

(4) Reduction criterion: pA® Ib > Pab and Ia® Pb > 

PAB i- 

(5) Majorization criterion: pA >~ Pab and pb Pab 0- 

(6) Conditional entropy criterion: Hp{B\A) = H{pab) — 

H{pa) > and Hp{A\B) = H{pab) - H{pb) > 0, 
where H is the von Neumann entropy. 



It is well-known that the relation (1) ^ (2) ^ (3) ^ 
(4) (5) (6) holds for any state pab UQ- In par- 
ticular apart from (2) (3) whose converse is a famous 
open problem all other relations are strict. We will 
show that these conditions become equal when we fur- 
ther require pBC is PPT. First, under this restriction the 
conditions (5) and (6) are respectively simplified into 
(5') PA ^ PAB and (6') H{pa) = H{pab)- Second, 
when Pbc is PPT, since pab >- PA holds, the above two 
conditions (5') and (6') are equivalent. Now we have 

Theorem 2 For a tripartite state \'^)abc with a PPT 
reduced state Pbc J conditions (l)-(6), (5'), and (6') are 
equivalent for pab ■ 

The proof is given in the end of this paper. We can 
readily get Theorem [T] from Theorem [21 and provide its 
operational meaning as the main result of the work. 

Theorem 3 (Converse monogamy of entanglement). 

Consider a tripartite state \'^)abe with entangled re- 
duced states paBtPae and pbe- When pab is a weakly 
entangled state P (R), the states pae o,nd pbe o,re 
strongly entangled states N (R or N). 

To our knowledge, the converse monogamy of entangle- 
ment is another basic feature of quantum mechanics and 
there is no classical counterpart since classical correla- 
tion can only be "quantified". In contrast, quantum en- 
tanglement has qualitatively different levels of strength 
and they have essentially different usefulness from each 
other. For example the states in the subset P cannot 
be distilled while those in N are known to be distillable 
[1]. So only the latter can directly serve as an avail- 
able resource for quantum information processing and 
it implies the following paradox. A useless entangled 
state between A and B strengthens the usefulness 
of entanglement resource between A (B) and the 
environment. Therefore, the converse monogamy of en- 
tanglement indicates a dual property to the monogamy 
of entanglement: Not only the amount of entanglement, 
the usefulness of entanglement in a composite system is 
also restricted by each other. 

Apart from bringing about the converse monogamy of 
entanglement, Theorem [2] also promotes the study over 
a few important problems. For instance, the equivalence 
of (1) and (2) is a necessary and sufficient condition of 
deciding separable states, beyond that for states of rank 
not exceeding 4 [l3, Besides, the equivalence of 
(2) and (3) indicates another kind of non-PPT entan- 
glement activation by PPT entanglement [l^ ■ For later 
convenience, we explicitly work out the expressions of 
states satisfying the assumptions in Theorem [2j 

Lemma 4 The tripartite pure state with two PPT re- 
duced states, namely belongs to the subset Ssns or Ssss 
if and only if it has the form *) up to local 
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unitary operators. In other words, the reduced state pBc 
is maximally correlated. 

For the proof see Lemma 11 in [l^- We apply our re- 
sults to handle two open problems in FIG. 4 of [l^l, i-e., 
whether there exist tripartite states with two PPT bound 
entangled reduced states, and tripartite states with two 
separable and one bound entangled reduced states. Here 
we give negative answers to these conjectures in terms 
of Theorem [2] and Lemma ID As the first conjecture is 
trivial, we account for the second conjecture. Because 
the required states have the form J2i=i v^l") l*^*) ' where 
PAc and pbc are separable. So the reduced state pab 
is a maximally correlated state, which is either separable 
or distillable. It readily denies the second conjecture. 

Classification with reduced .states. Theorem [3] says that 
the quantum correlation between two parties of a tripar- 
tite system is dependent on the third party. From Theo- 
rem[2]and the discussion to conjectures in [10|, we can see 
that the tripartite pure state with some specified bipar- 
tite reduced states may not exist. This statement leads 
to a classification of tripartite states in terms of the three 
reduced states [1^. As a result, we obtain the different 
subsets of tripartite states in Table U in terms of tensor 
rank and local ranks of each one-party reduced state. In 
the language of quantum information, the tensor rank 
of a multipartite statejalso known as the Schmidt mea- 
sure of entanglement [21|, is equal to the least number 
of product states to expand this state. For instance, any 
multiqubit GHZ state has tensor rank two. So tensor 
rank is bigger or equal to any local rank of a multipar- 
tite pure state. As tensor rank is invariant under invert- 
ible SLOCC [14|, it has been widely applied to classify 
SLOCC-equivalcnt multipartite states recently [l5| . 

Here we will see that, tensor rank is also essential to 
the classification in Table ID First the statement for the 
subsets Ssss,SssN and Ssnn follows from Lemma IH 
and Lemma 2 in [22| , respectively. Next to see the state- 
ment for iSpAfAT, it suffices to recall the following fact 



Lemma 5 A M x N state pab with rank N is PPT if 



and only if it is separable and is the convex sum of just 
N product states, i.e., pab = J2f=iPiWi^bi){^i^bi\. 

Next, we characterize the subset Srnn by the tensor 
rank of states in this subset. 



Lemma 6 Assume that rk(^') = maxjdA, rfs}- Then 
the conditions (l)-(4) are equivalent for pab- 

Proof. It suffices to show that the state pab is 
separable when it satisfies the reduction criterion. Let 
I?*) = Y^l^^^ y/pi\ai,bi,Ci), and Va an invertible ma- 
trix such that VaIi) = \ai). Now, we focus on the pure 
state I'l'') = KV^'^ (g) » /c|^'), where K is the nor- 
malized constant. Then the reduced state p'^^g satisfies 



p'a® > p'ab^ and hence >- p\b [9|. Since 
is separable, we have ~ p'ab- ^^i^ state p'ab^ and 
equally pab is separable in terms of Theorem [2] □ 
It's noticeable that under the same assumption in this 
lemma, the equivalence between conditions (l)-(5) does 
not hold due to the counterexample, such as the sym- 
metric state |*,> := ^(E[=2 N^*> + (U) + |2»(|1> + 
|2))(|1) + |2))), which belongs to the subset Snnn- It 
indicates that tensor rank alone is not enough to charac- 
terize the hierarchy of bipartite entanglement. 

Besides it follows from the definition of reduction cri- 
terion that when the state pab satisfies condition (4), 
we have dc > dAjds- This observation and Lemma [S] 
justify the statement for iS/jjvtv in table ID In order to 
show the tightness of these inequalities, we consider the 
non-emptyness of the subset Sunn with the boundary 
types r = dc > dA = dB and r > dc = dA = ds. To 
justify the former type, it suffices to consider the state 
^(E -=1 \3, J, j) + E .ti' |J, J + 1, d + .?) + \d, 1, 2d)). In 
addition, an example of the latter type is constructed 
by the rule of monoid later. Thus, we can confirm the 
tightness of the above inequalities for Srnn- One can 
similarly show the non-emptyness of subsets Srrr and 
Srbn- Therefore we have justified the classification in 
Table |T1 That is, up to permutation of parties there are 
18 different non-empty subsets of tripartite pure states 
in terms of the reduced states. 
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Comparison to SLOCC classification. We know that 
there are much efforts towards the classification of mul- 
tipartite state by invertible SLOCC l^-l^- Hence, it 
is necessary to clarify the relation between this method 
and the classification by reduced states in Table ID When 
we adopt the former way we have no clear characteriza- 
tion to the hierarchy of bipartite entanglement between 
the involved parties, i.e., the structure of reduced states 
becomes messy under SLOCC. Our classification resolves 
this drawback. Another potential advantage of our idea 



is that we can apply the known fruitful results of bipar- 
tite entanglement, such as the hierarchy of entanglement 
to further study the classification problem. 

Here we explicitly exemplify that the invertible 
SLOCC only partially preserves the classification in 
Table ID We focus on the orbit Or=dt,=dB=dc '■= 
{|5')|rk(«') = = = dc(*)}, which has 

non-empty intersection with the subsets Ssss, Sssn, 
and Ssnn- Further, since the subset Snnn contains 
the state l^^a), it also has non-empty intersection with 
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TABLE I: Classification of tripartite states |V')asc in terms of tlie bipartite reduced states. The table contains neither the 
classes generated from the permutation of parties, and nor the subset Snnn since for which there is no fixed relation between 
the tensor rank rk(V') and local ranks dA{'^), dsi^), and dc(*I/). They are simplified to r, dA, ds, and dc when there is no 
confusion. All expressions are up to local unitaries and all sums run from 1 to r. In the subset Ssnn, the linearly independent 
states \ci) are the support of space He- 





Ssss 


SsSN 


Ssnn 


SpNN 


Srrr 


Srrn 


Srnn 


expression of 
Wabc 


i 


i 


^^|ai , 6i,c,) 

i 


i 


'^VPi\at,bi,Ci} 

i 


i 


'^VPi\a.i,h,Ci} 

i 


tensor rank 

and 
local ranks 


r = dA = 
ds = dc 


r = dA = 
dc > ds 


r = 
dc > dA, ds 


r > 
dc > dA, ds 


T > 

dc ^ dB ^ dA 


r > 

dc = dA> dB 


r>dc> dA, dB 
r > d.4, rffl 



Or=dA=dB=dc- Since all state in Or=dA=dB=dc can be 
converted to GHZ state by invertible SLOCC, it does 
not preserve the classification by reduced states. How- 
ever, the subsets Shrn and Srur are not mixed with 
Ssss, SssN, and Ssnn by invertible SLOCC. 

Monoid structure. To get a further understanding of 
Table U from the algebraic viewpoint, we define the 
direct sum for subsets by SxabXbcXcaSyabYbcYca 

SmaK{XAB,YAB} ma,x{XBC ,Ybc} ma.^{XcA,YcA}^ whcrC 

max{X, Y} is the larger one between X and Y 
in the order S < P < R < N. Therefore when 
€ SxabXbcXca and 1*2) G SyabYbcYca: the state 

1*1 • VE'2) € S^i,^[Xab,Yab} irLa.x{XBC,YBc} ma.x{XcA,YcA} ■ 

This product is commutative and in the direct sum, the 
subset Ssss is the unit element but no inverse element 
exists. So the family of non-empty sets SxabXbcXca is 
an abelian monoid concerning the direct sum. 

The above analysis provides a systematic method to 
produce the subsets in the monoid. Generally we have 
Ssnn = SssnSsns,Srrn = SjiRnSssN,SjiNN = 
SrrrSpnn, and Snnn = SpnnSnss- So it 
is sufficient to check the non-emptyness of subsets 
Ssss, SssN,SpNN, Srrr. By Table H the first three 
subsets exist and the symmetric state ^^(|312) -I- 1123) -I- 

|231) + |213) + |132) + 1321)) + ^ ^^J^ \jjj) indicates 
the non-emptyness of Srrr for r > 3. So we have veri- 
fied the non-emptyness of eight subsets in the monoid. In 
particular, if we choose j^E'i) S Ssnn and \'^2) & Srrr 
and both have dA ^ dB ~ dc. Then the state ■ ^'2) 
verifies the non-emptiness of the subset Srnn ■ Similarly, 
we can construct an example with r > = dp > in 
Srnn by the condition d^(vl'i) = dci'i'i) > dsi'i'i). 

Proof of Theorem\^ We propose the preliminary lemma. 

Lemma 7 Consider a tripartite state \^ abc) with a sep- 
arable reduced state psc- When pab satisfies the condi- 
tion (6'), it also satisfies the condition (1). 

Proof. Due to separability, psc can be written by 

PEC = J2zP^\^f ^^?){4'f We introduce the new 



system Hd with the orthogonal basis and the tripar- 
tite extension pbcd ■= EjKl'/'f ef)(0f, (/)f, ef|. 
The monotonicity of the relative entropy D{p\\a) := 
Tr(plogp — plogcr) and Condition (6') imply that 

= H{pc) - H{pBc) = D{pbc\\Ib ® Pc) 
< D{pbcd\\Ib Pcd) = ^p,(logK - \ogPt) = 0. 

i 

So the equality holds in the above inequality. According 
to Petz's condition the channel Ac : He 'Hc®T~Ld 
with the form Ac((t) := P(i'^{{pJ'^'^GP(}^'^) ® /£))pp^ 
satisfies idB® ^c{pbc) = Pbcd- We introduce the sys- 
tem "He ss the environment system of Ac and the isome- 
try U : V-c ^ 'Hc®'-Hd®'-He as the Stinespring extension 
of Ac. So the state \^abcde) ■= Iab ® abc) sat- 
isfies Pbcd = ^t^ae\^abcde){^abcde\- By using an 
orthogonal basis {ef^} on 'Ha<?)'He we can write up the 
state \<i>ABCDE) = Y.^^\<i>fA^^e.'^.4'')■ Therefore 
Pab is separable. This completes the proof. □ 
Due to Lemma [7] and the equivalence of conditions (5') 
and (6'), it suffices to show that when pBc is PPT and 
PAB satisfies (5'), pbc is separable. From (5') for pab, 
it holds that rankpsc = dA = rankpyiB = dc- So pBC 
is separable by Lemma [3 and we have Theorem [2j 

Conclusions. We have proposed the converse monogamy 
of entanglement such that when Alice and Bob are weakly 
entangled, then either of them is generally strongly en- 
tangled with the third party. We believe that the con- 
verse monogamy of entanglement is an essential quantum 
mechanical feature and it promises a wide application 
in deciding separability, entanglement distillation and 
quantum cryptography. Our result presents two main 
open questions: First, can we propose a concrete quan- 
tum scheme by the converse monogamy of entanglement? 
Such a scheme will indicate a new essential difference 
between the classical and quantum rules, just like that 
from quantum cloning (23 | and the negative conditional 
entropy [2^. Second, different from the monogamy of 
entanglement which relies on the specific entanglement 
measures the converse monogamy of entanglement 
only relies on the strength of entanglement. So can we 
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get a better understanding by adding other criteria on the 
strength of entanglement such as the non-distillability ? 

We also have shown tripartite pure states can be sorted 
into 18 subsets and they form an abelian monoid. It 
exhibits a more canonical and clear algebraic structure of 
tripartite system compared to the conventional SLOCC 
classification More efforts from both physics and 

mathematics are required to understand such structure. 
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